I. INTRODUCTION
When a localized region of a solid wall surrounded by a compressible medium, such as air is subjected to a sudden temperature change, the medium near the wall experiences expansion/contraction in volume producing acoustic waves. 1 These thermally produced waves are well known as thermoacoustic (TA) waves, based on the thermo-phone mechanism presented by Arnold and Crandall in 1917. 2 TA waves generated by sudden heating (or cooling) in the localized region propagate at the local speed of sound of the medium and their amplitudes gradually decay due to thermal and viscous diffusion.
Several theoretical studies have been performed on TA wave generation from thin conductive isotropic, anisotropic, or thermoelastic metal layers. [3] [4] [5] This phenomenon was experimentally examined by Shinoda et al. 6 with a thermally induced high-intensity ultrasonic wave emitter using porous silicon (PS). They provided a formula for the acoustic pressure which showed a flat response over a wide frequency range. Boullosa and Santillan 7 also derived a theoretical formula for the acoustic pressure due to any solid including porous silicon using a thermal piston model for ultrasonic radiation from a TA transducer. Both of these models are developed for the TA wave emission at high frequency. Hu et al. 8 generalized the TA model to include the TA wave emission at low frequency from any solid by using thermalmechanical coupling analysis. Vesterinen improved the efficiency of nanothermophones with thermoacoustically operated suspended arrays of nanowires, developed a Green's function formula for the TA pressure, and compared the findings with experimental and numerical results. 9 Recently, Hu et al. 8 extended their previous theoretical work to analyze the effect of thermal-mechanical coupling and thermal wave penetration depth to the TA wave emission in gas and revealed the existence of limits of both frequency and space of flat frequency response of TA ultrasound. 10 Similar TA studies were conducted with a carbon nanotube thin film attached on the substrate 11 and in suspension. 12 Recent studies have shown graphene to be an attractive material candidate for acoustic wave generation by Joule heating, particularly owing to its high thermal conductivity, low heat capacity, and its ability to form free-standing membranes. [13] [14] [15] During Joule heating processes, the free electrons of graphene absorb electric energy applied through the electrode. This electron energy is transferred to the lattice vibrational modes increasing the lattice temperature of graphene and the surrounding media. This leads to sound generation in air as the volume of gas near the surface of graphene expands due to sinusoidal heating. Alternating electric current with angular frequency, x s , produces a sinusoidal temperature variation with a double angular frequency, 2x s , in the sample material (graphene) by Joule heating 16 and leads to the generation of sinusoidal acoustic waves in the surrounding compressible medium.
We approximate heat generation in graphene and its effect on generating acoustic energy into the surrounding air using continuum thermomechanics. This approach may lead to model uncertainties due to the atomically thin characteristics of graphene. Bayesian statistics are introduced to quantify material parameter uncertainty and the propagation of uncertainty when inversely identifying graphene TA model parameters in light of sound pressure data. This technique has shown to provide new insights into complex field coupled mechanics of other functional materials and adaptive structures 17, 18 as well as a broader range of problems in weather and climate predictions, nuclear reactor design, and hydrology. 19 A three parameter TA model is often implemented based on prior results summarized by Arnold and Crandall. 2 We briefly review the physical motivation for this model using the first law of thermodynamics. It is shown that the three parameters within the original model quantify heat conduction, heat convection, and heat capacity. Using Bayesian analysis via the Delayed Rejection Adaptive Metropolis (DRAM) algorithm, 20 we illustrate that the TA wave generation is predominantly driven by heat conduction and heat capacity in ambient air (no forced convection).
In what follows, an interface condition that describes temperature and pressure perturbations produced by the thin conductive membrane is developed and validated against past experimental reports on graphene-based speakers. The mathematical formulation of the TA generation from twodimensional materials is first derived using the first law of thermodynamics. The boundary relations at the graphene interface are coupled with heat transport and wave equations of the surrounding media in contact with graphene. The analytic acoustic response with respect to the frequency in both one-and three-dimensions is carried out. The unknown heat transport parameters in the model are determined by using Bayesian analysis with the Markov Chain Monte Carlo (MCMC) method through comparisons with data. 13 
II. THERMOACOUSTIC MODEL

A. The first law of thermodynamics
The first law of thermodynamics states
where q is the heat flux, T is the Cauchy stress, D is the rate of deformation, and u is the internal energy per volume. 21 These three terms must be balanced by heat generation g within the volume. For the TA problem, this heat generation is attributed to Joule heating produced by applying current to the membrane. This governing equation is applied over a volume denoted by X and subject to a set of boundary conditions (BCs) over the surface C. Questions over the boundary conditions have focused attention on determining how input power in terms of voltage and current (V Â I) or current and resistance (I 2 Â R) is converted into heat. This heat subsequently creates temperature and heat flux variation on the surface of a material. Approximations of the heat transport become particularly challenging in nanoscale structures such as graphene. A general constitutive relation is presented as follows to gain insight on the appropriate interface conditions that satisfy Eq. (1).
This balance law can be re-expressed by making certain assumptions about the internal energy and deformation. We first assume that heat has negligible effects on the mechanical power such that T : D % 0 in comparison to the divergence of the heat flux and the internal energy rate. We also assume that the internal energy only depends on entropy, u ¼ u(s). The second assumption makes the claim that the entropy can be uniquely determined in terms of the absolute temperature T, i.e., u ¼ u(s(T)). The rate of change of the internal energy per volume is then assumed to depend on the specific heat relation
where q denotes the density of the material and c p is the specific heat of the material at constant pressure. Note that this specific heat is a function of temperature, which has been documented in the literature for graphene. 15 Substituting Eq. (2) into Eq.
(1) and integrating over the volume X, we have ð
where we applied the divergence theorem on the last term where n is the unit normal directed outwards on the material surface C. For the case of graphene, we consider a twodimensional material on the (y, z) plane with a small thickness in the x direction denoted by b. This gives
Assuming uniform properties in x and constant temperature through the thickness due to high thermal conductivity, Eq. (4) leads to
The heat flux is given as a function of the internal heat generation and rate of change of internal energy in terms of specific heat constitutive relations for any representative point on the surface. Typically, q i n i ¼ q k i n i þ q c n i , where q k i ¼ Àk@T=@x i is the conduction term and q c ¼ h 0 ðT À T 1 Þ is the convection term. Here, k is taken to be the isotropic thermal conductivity coefficient, h 0 is the heat transfer coefficient in air, and T 1 is the surrounding temperature.
B. Temperature change due to AC electric power input A plausible assumption is to allow g / J, where J is Joule heating that is proportional to the electric input power P E . This gives g ¼ P E =Sb, where S is the area of graphene and b is its thickness. The relation between applied electric power and temperature change can then be modeled using Eq. (5), which results in 2, 12 
where C b (¼qc p ) is the heat capacity per unit volume, T b is the temperature on the surface, and Q is the heat flow per unit area from the film defined by Q ¼ Àk@T=@xj x¼0 . The coefficients a j (j ¼ 1, 2, and 3) are uncertainty parameters associated with the amount of heat convection, heat conduction, and uncertainty in the product of the effective thickness and heat capacity, C b b. All unknown parameters a j are unitless and contain uncertainties that are determined using Bayesian statistics in light of TA measurements given in the literature. 13 The input power considered, P E , is given by (i) Purely alternating current
(ii) Alternating current with a DC component
In each case, it can be observed that the electric input power has two components: one is a constant in time and the other is time varying. It is also recognized that electric power due to only an AC with angular frequency, x s , produces the temperature response with a double angular frequency, 2x s , but applying an AC with an DC component can lead to a sinusoidal temperature variation with the same frequency as the applied power 2 if I dc ) I ac . The time-invariant power for each case can be determined by introducing constant time-averaged temperature and heat flux, T e and Q e from Eq. (6), which is given by 
By defining DT ¼ (T b À T e ) and DQ ¼ (Q À Q e ), the interface condition due to the TA material is
where
. Equation (10) states that only perturbation in the temperature is influenced by the AC source.
C. One-dimensional thermoacoustic model Figure 1 represents the schematic of the TA wave emission problem due to the temperature change in the thin membrane by Joule heating. The origin of coordinates is placed on the interface between the sample (graphene) and gas. The gas in the compressible medium is assumed to be ideal. The governing equations for the linear TA problem in isotropic materials are given by the heat conduction and wave equations describing the coupling of pressure and temperature fields
where the subscripts s and g denote values of the solid (substrate) and the gas, respectively, e represents the value in a quiescent equilibrium state, x ¼ (x,y,z) is the spatial coordinates, t is the time, T i is the temperature, p is the acoustic pressure, x is the angular frequency, and a is the thermal diffusivity given by
, where k i is the thermal conductivity, c p,i is the specific heat of the material, and q i is the density of the medium (C i b (¼ q i c p;i ) is the heat capacity per unit volume). The corresponding interface condition to this system at x ¼ 0 is given by Eq. (10). We note that T g and T s are bounded as x ! 1 and x ! À1, respectively.
The sinusoidal thermal diffusion process produces a sinusoidal temperature variation in the gas close to the wall. In addition, the temperature decays exponentially due to thermal and viscous diffusion. The thermal wavelength can be estimated as
which is much smaller than the acoustic wavelength (for example, k th =k acoustic 2 ½1:3 Â 10 À3 ; 8:0 Â 10 À3 for f 2 ½1; 40 kHz). In the present study, we consider the audible frequency range up to 30 kHz, for which the length of the thermal diffusion layer is negligible compared to the acoustic wavelength. Thus, the last term in the heat conduction equation of Eq. (13) is neglected due to the large disparity in length scales between the thermal and acoustic waves and
. (This was numerically tested by comparing the results with and without 1 k g @p @t , however, is not shown in the paper.) Local temperature variation on the wall acts as an acoustic source term in the field. It is assumed that the solutions are dependent upon the sinusoidal boundary values with an angular frequency x and the temperature and the pressure fields, T and p, are small perturbations relative to the temperature T e and the pressure p e in an equilibrium state. By letting T i ¼T i e jxt and substituting it into Eqs. (10), (11) , and (13), the temperature variation resulting from the sinusoidal electric source is determined by the following ordinary differential equations: 
with thermoacoustic interface conditions
Since T g and T s are finite as x ! 1 and x ! À1, respectively, the general solutions of Eq. (14) with interface conditions of Eq. (15) are given by
is the thermal diffusion length. Equation (16) tells us that the temperature decays exponentially from the origin.
Next, let us consider the acoustic wave equation of Eq. (12) . Local temperature variation in time on the right hand side of Eq. (12) acts as an acoustic source of a monopole type, which has already been determined in Eq. (16) . By assuming p ¼pe jxt , Eq. (12) is given in the frequency domain by
where AðxÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ðq e x 2 Þ=p e p and
By applying the reflecting boundary condition (dp=dx ¼ 0) at the interface (x ¼ 0), due to large disparity of impedance between two media, to Eq. (17), the analytic solution to this equation can be determined, which is given bỹ
andD is a constant determined by initial conditions. The pressure in one-dimension of Eq. (19) with isothermal assumption (Eq. (12)) is not a solution used for MCMC Bayesian analysis but only used for scaling analysis. In Eq. (19) , the first term is the homogeneous solution of the system and last two terms are the particular solutions produced by the external heat source: The first term is the nearfield component decaying exponentially from the origin, and the last one is the far-field term with the wave number equal to A(x) propagating to the far-field without decay.
We can further consider scaling analysis to arrive at the following relations:
since r / x 1=2 ; x g / x À1=2 ; AðxÞ / x, and BðxÞ / x
For example, consider two cases with simplified interface conditions:
For a sinusoidal heat flux (a 1 ¼ 0 and a 3 ¼ 0)
(ii) For a sinusoidal temperature (a 2 ¼ 0 and a 3 ¼ 0)
These results state that for a sinusoidal heat flux the exponentially decaying near-field pressure is a function of frequency, x
1=2
, but the far-field term has a flat response over the angular frequency. For the case with the sinusoidal boundary temperature, the far-field term is proportional to x
. These results can serve as references to check which boundary condition, i.e., a heat flux (Neumann BC), a temperature (Dirichlet BC), or a mixed BC, should be applied to the TA problem. If it is found from the experiment that the acoustic pressure produced by the TA actuator is proportional to x 1=2 , then the temperature boundary condition should be applied. However, if it is independent of the frequency, the heat flux boundary condition is appropriate.
D. Three-dimensional thermoacoustic model
Next, let us extend the analysis to consider threedimensional effects in the acoustic wave equation
where c is sound speed in ambient condition, w is the acoustic source, and x is the coordinate from Fig. 1 . Isentropic sound speed is used for the pressure in the far-field by assuming that temperature variation only exists near the wall (see Table II ). By assuming that the magnitude of the sinusoidal pressure fluctuation in the thermal boundary layer is proportional to the amount of heat emanating from the solid, this layer of air is regarded as an acoustic piston generating sinusoidal pressure fluctuations propagating into the farfield. The source term is modeled as a monopole source on a rigid baffle, as shown in Fig. 2(a) . First, let us consider acoustic waves generated by a monopole source in free space, as depicted in Fig. 2(b) . In this case, w p is the source strength surrounded by the surface C s , which is determined by w p ðtÞ ¼ Ð C s wðx; tÞds and v n is the oscillation velocity of a sphere normal to the surface. When v n is uniform on the surface, the source can be easily determined by w p ðtÞ ¼ 4pa 2 v n ðtÞ, where a is the radius of the acoustic source which is the same as the acoustic piston, as seen in Fig. 2(a) , by assuming that the source is compact. The pressure driven by this compact acoustic source is analytically given by pðr; h; tÞ ¼ ðjkq e cw p Þ=ð4prÞe jðxtÀkrÞ in the far-field. If this single point monopole source is located on a rigid baffle, as shown in Fig. 2(a) , the source strength can be twice of that from the equivalent monopole in free space and the spatial dependency on the baffle. With additional manipulation, the sound pressure is analytically determined by where J 1 is the Bessel function of the first kind, k is the wavenumber, h is the angle between the x axis and the observer from the origin, and the product ka is the Helmholtz number.
Temperature variation leads to sinusoidal volumetric change of the air near the material. The relative displacement, d, is then given by
where b is the thermal expansion coefficient, 2 T g is the temperature given by Eq. (16), and T 0 is the spatially averaged temperature of the gas within the thermal diffusion layer, which is expressed as T 0 ¼ 1=k th Ð k th 0 e Àx=x g cosðx=x g Þdx ¼ ð1 À e À2p Þ=4p. Accordingly, the velocity, v n , is directly given from Eq. (27) as
Finally, the sound pressure in the far-field is p r; h; t;
The corresponding root mean squared pressure is p rms ðr; h; xÞ ¼ bq e ffiffiffiffi ffi a g p U m T 0 Dðr; hÞFðxÞ;
and
From Eq. (29), the magnitude of far-field pressure is
since r / x 1=2 and k th / x À1=2 . Let us consider the following two cases with input of a sinusoidal heat flux (a 1 ¼ 0 and a 3 ¼ 0) and a sinusoidal temperature (a 2 ¼ 0 and a 3 ¼ 0), which are listed in Table I .
For both cases, we observe from Eq. (29) that the acoustic pressure is linearly proportional to the magnitude of the oscillation, U m , and inversely proportional to the distance from the origin, r, with frequency dependence associated with material properties and boundary conditions. For the sinusoidal heat flux, the pressure field represents a linear relation with the frequency. In contrast, the temperature boundary case results in the pressure that is proportional to x
3=2
. These results are also summarized in Table I . This table shows the strong dependence of acoustic waves on the boundary conditions. In the one-dimensional analysis, the acoustic pressure obtained by using a heat flux BC exhibits flat response over frequencies but that generated by a temperature BC is proportional to x three-dimensional problem. The strength of the acoustic waves is dependent on the frequency (x) and the distance from the origin (r). These analyses provide significant insight on how the boundary condition affects the TA wave propagation. Through experiments, we can examine which boundary condition is more appropriate to the specific problem. It is also found that directivity only depends upon the Helmholtz number (ka) but the magnitude of acoustic pressure (or sound pressure level (SPL)) strongly depends on the boundary conditions as evident from Eq. (29).
E. Directivity of sound
Equation (31) shows that the directivity of sound is independent of the type of imposed thermal boundary condition. Figure 3 exhibits the directivity of sound from analytical and experimental results. The magnitude in each case is normalized by its maximum value. This figure represents that the analytical result is qualitatively in good agreement with experimental data. This means that the TA boundary model developed in this study predicts the acoustic wave propagation well.
III. BAYESIAN ANALYSIS WITH MCMC
The three unknown model parameters in Eq. (29), fa 1 ; a 2 ; a 3 g, are determined by using Bayesian analysis with the MCMC method. Bayesian analysis is a statistical procedure used to estimate uncertain parameters by describing them in terms of an underlying probability distribution based upon model uncertainties and experimental uncertainties. The quantities of interest are the distribution of the parameters fa 1 ; a 2 ; a 3 g that can predict observed data.
In this study, the MCMC method is used together with the DRAM algorithm 20, 23 to obtain Bayesian statistical estimation of the model parameters. MCMC works by drawing a random sample of values for each parameter from its probability distribution.
A. Input parameters for MCMC Bayesian analysis
We performed MCMC Bayesian analysis to determine the unknown parameters, fa 1 ; a 2 ; a 3 g, in Eq. (29). The measured data used for the current study were extracted from the reference of Tian et al. 13 The experiment was performed on three different samples of a graphene-based sound source with a paper substrate. Graphene samples considered have thicknesses of 100 nm (sample 1), 60 nm (sample 2), and 20 nm (sample 3). This device is made up of a multilayered graphene (MLG) film of 1 cm Â 1 cm in area. In the model, however, samples are assumed to have a radius a ¼ 5 mm for the mathematical simplicity. The preliminary numerical test revealed that this assumption only leads to the difference in the SPL less than 1% over the frequency range considered in the study. Table II represents physical properties used in the study. The specific heat of graphene is approximately the value of graphite above 100 K. 15 However, the specific heat and the density of a MLG film used in the experiment are not available from the literature. Therefore, the values of graphite were used instead and the multiplication of the parameter and the heat capacity of graphite, a 3 C b , will become the heat capacity of a MLG film with uncertainties in the experiment and the model. We neglect any temperature dependence on material properties. The heat transfer coefficient in air is assumed to be h 0 ¼ 1 W/m 2 K. Samples have thicknesses of b ¼ 100, 60, and 20 nm with the applied electric powers of U m ¼ 0.19, 0.07, and 0.01 W, respectively. The sound pressure is computed at the distance r ¼ 5 cm directly above the graphene sound source. The current study only considers inviscid wave equation to predict acoustics waves in the audible frequency range up to 30 kHz. In this range, the acoustic pressure increases with respect to the frequency (current study), but it will decrease due to large attenuation proportional to the frequency in the range of f ) 30 kHz and cancellation by phase differences in the waves. [24] [25] [26] These will finally lead to a flat or decreasing response to the frequency as observed in the experiment.
B. Numerical results
We performed MCMC Bayesian analysis for all possible combinations of the three terms (i.e., T, Q, and @T @t ) to obtain a rigorous assessment of model parameters for the graphenebased TA actuator. Namely, we consider (i) only one parameter (T/Q/C), (ii) two parameters (TQ/TC/QC), and (iii) all three parameters (TQC), where T, Q, and C represent the inclusion of the temperature, the heat flux, and the heat Experimental data were from Tian et al. 13 The model is compared with three graphene samples of different thickness. capacity of the material, respectively, in the model. To ensure, we obtain accurate posterior probability densities, the number of iterations is set to be 5 Â 10 6 for each simulation. Figure 4 represents the results for all cases, (i)-(iii), for sample 1. Each figure plots the comparison between the experimental data (blue line) of sample 1 and the model prediction (black line). The gray area represents the confidence in the model prediction based on the uncertainty propagation of the model parameter distributions. In the figure, the light and the dark gray areas represent 95% prediction and credible intervals, 19 respectively. The posterior density distributions of parameters in each case are inserted in each figure. The Bayesian routine samples the parameters using the DRAM algorithm 20 and generates a probability distribution. In many of the cases, the distributions of the parameters have Gaussian distributions.
Let us first discuss the results from the single parameter models. The temperature model (T model) does not appear to accurately model the sound generated by the current actuator made of the highly conductive material such as graphene as indicated by wide 95% prediction intervals. The literatures tell us that the heat flux boundary condition (Q model) is an appropriate TA model. [6] [7] [8] 10 However, present results in Figure 4 show that the heat flux model (Q model) is not the best model for the current actuator since larger uncertainty between the model and the measurement is observed to occur relative to the heat capacity model (C model). The model only considering the heat capacity (C model) exhibits the best match with the experimental data compared to the other two models, but this is not a physical model satisfying the first law of thermodynamics. The second row of Fig. 4 shows the three possible models for case (ii). As expected from the C model in case (i), both the TC and the QC models containing the heat capacity term show better prediction of the SPL than the TQ model. In these two models, each parameter has an approximately Gaussian distribution and relatively small variance with respect to its mean value.
The last row of Fig. 4 illustrates the result of the model with all three parameters (TQC model). This model is seen to provide reasonable prediction of sound pressure level. However, the probability distributions of each parameter are not Gaussian but appear skewed. This figure also reveals that the heat convection most likely has minimal influence on the sound pressure level because the range for a 1 h 0 is large relative to the typical value for free convection in air, h 
where N is the number of data points. The models that contain heat capacity effects (C/TC/ QC/TQC) possess the minimal errors relative to all possible TA models over the range of frequency considered. Figure 5 represents the sensitivity of the SPL with respect to the frequency, @L p =@a j ðj ¼ 1; 2; 3Þ, at the identified mean parameter values fa 1 ; a 2 ; a 3 g ¼ f163; 0:00285; 0:0894g of the TQC model for sample 1. This figure reveals that the sound pressure is strongly dependent upon the heat flux at low frequency (<7.6 kHz) and the heat capacity at high frequency (>7.6 kHz).
From these analyses, we conclude that the model comprised of the heat flux and the heat capacity is the preferred choice for modeling TA behavior of graphene. Equation (10) can be rearranged to assess parameter values relative to physical thermal transport properties using
In this form, the parameter, g, represents a measure of the amount of Joule heating converted to sound and n 1 and n 2 are uncertainty parameters associated with the amount of heat convection and uncertainty in the product of the heat capacity (C b ) and the effective thickness product of the heat capacity (C b ) and the thickness (b) of the graphene is 15.5 times greater than that of the graphite parameters used in this study. 15 Figure 6 plots the comparison between the model and the experimental data for samples 2 and 3. For these samples, the QC and the TQC models are only presented based on the findings from sample 1. Errors in the sample 2 are 0.0542 (QC) and 0.0312 (TQC), and for sample 3, we have 3:6096 Â 10 À4 (QC) and 7:3398 Â 10 À4 (TQC). This figure reveals that the heat convection has minimal influence on the sound pressure level as observed for sample 1. Figure 7 illustrates the comparison between the model and the experimental data for three samples with respect to the frequency in log scale. This figure shows that the thinner membrane is efficient for sound generation and the slope varies from 1/2 to 1 depending upon its thickness. This phenomenon can be explained through the heat capacity of the material in the model. From Eq. (33), we can deduce that the sound pressure in the far-field jpj far-field / x 1=2 for a comparatively thick membrane (a 1 h 0 þ a 2 k s ffiffiffiffiffiffiffiffiffiffi x=a s p ( a 3 C b bx). On the other hand, we find jpj far-field / x for a thin (twodimensional) membrane (a 1 h 0 þ a 2 k s ffiffiffiffiffiffiffiffiffiffi x=a s p ) a 3 C b bx). These observations are in good agreement with the present TA model.
IV. CONCLUSIONS
A general thermoacoustic model for two dimensional membranes was examined to predict the emission of acoustic waves over a frequency range of 1-30 kHz. From the analysis, we found that the thermal wave length is very small compared to the acoustic wavelength and the thermal wave decays exponentially with the distance from the wall. We also extended the one-dimensional thermoacoustic model to a three-dimensional setting by using an acoustic piston model.
The unknown parameters in the model were determined and analyzed using Bayesian statistics. This approach provides a general framework for assessing material property requirements for generating sound from two dimensional materials due to Joule heating phenomena. The present model was validated against experimental measurements from graphenebased loudspeakers with different membrane thicknesses available in the literature. From comparing data in the literature to our model, Bayesian statistics suggest that the heat flux and the heat capacity dominate thermoacoustics, while heat convection is negligible in ambient air condition. The model and analysis methodology presented in this paper can be extended to other membrane based speakers that rely on thermoacoustics. 13 Reference slopes are shown with broken lines.
